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ABSTRACT

Influencers, from propagandists to sellers, expend vast resources targeting agents who amplify their message through word-of-

mouth communication. While agents differ in network position, they also differ in their bias: Agents may naturally read articles

with a particular slant or buy products from a certain seller. Absent competition, an influencer prefers targeting central agents

and those biased against it. If agents are unbiased, competition leads to influencers targeting more central agents. However, when

agents have heterogeneous biases and competition is intense, the incentive to deter one’s rival dominates. Influencers protect their

base, targeting those with similar beliefs in equilibrium.
JEL Classification: D83, D85, L10

1 | Introduction

Strategic influencers, ranging from propagandists to sellers,
expend vast resources targeting individuals, employing tools
such as customized advertisements, sponsored posts, and online
recommendations (Bergemann and Bonatti 2011; Fainmesser
and Galeotti 2015, 2020). Existing technologies allow them to
target recipients at a granular level, increasing direct interaction.
Importantly, their message can be amplified by the peer networks
of those they target. But whom should they target? Many suggest
that it is best to target the most central agents so as to maximize
the diffusion of one’s message (e.g., Coleman et al. 1966; Galeotti
and Goyal 2009; Banerjee et al. 2013, 2019; Beaman et al. 2021).
However, a critical feature of the settings used to support these
results is that there is a single influencer attempting to “seed”
the network, and agents only interact with each other outside of
the seeding event. In reality, agents interact repeatedly not only
with their peers but also with various external sources, some of
whom may be competing with one another. Importantly, agents
are often biased and inclined to interact with external sources that
reinforce their biases.

To understand why bias matters, consider a social network
where users learn about a political event from their peers and
from articles they read while browsing the internet. These users
may be naturally biased in one direction or the other. That is,
when they browse the internet, they will not only see articles
from external news sources that specifically target them but
also articles from like-minded media. Suppose a left-leaning
propagandist targets the users in this social network with the goal
of driving the “average” opinion regarding some event toward the
left. Although the propagandist will consider a user’s centrality
in the network, it must also consider the user’s bias. Why?
Because the marginal gain from targeting a user, say, who already
receives persistent impressions from other left-leaning sources
is much lower than the potential gain from targeting a user
who is biased to the right. In other words, targeting users and
displacing attention directed toward sources with a similar slant
isnot as beneficial as displacing attention that would otherwise be
directed toward opposing sources. Thus, with limited resources,
influencers may need to trade-off between these two features. For
example, should a propagandist use funds to reach across the
aisle or target her base, and how should she balance this decision
with the benefit from targeting central agents? Likewise, sellers
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can benefit from word-of-mouth communication by targeting
influential consumers in the network, but is this irrespective of
the consumers’ bias?

To understand why competition matters, consider that the left-
leaning propagandist’s decision to target specific agents will
depend significantly on the actions of its rival right-leaning
propagandist. When competing for attention, the marginal value
of targeting an agent will likely be tied to how much the right-
leaning propagandist is investing in that same target. Should the
propagandists then pursue the same agents or could that be a
waste of resources? Alternatively, should the propagandists seg-
ment the market and concentrate their efforts on different agents?

To analyze the effect of bias and competition on influencer target-
ing decisions, I develop a model of belief formation where agents
learn from their neighbors and external sources of information
via a simple DeGroot heuristic. These external sources include
strategic influencers and non-strategic “private sources”. The
influencers push their specific beliefs, whereas the non-strategic
private sources reinforce an agent’s initial belief. Influencers
compete over attention to shape the average belief in the network.
They have a fixed budget and target agents by spending money to
increase the per-period frequency of direct engagement between
themselves and the agent. Crucially, the interaction rate between
an influencer and an agent depends not only on the influencer’s
spending but also on her competitor’s spending. Such a model
is particularly well-suited for analyzing marketing and political
competitions. Consumers and voters are typically biased toward
a specific firm or ideology, and their beliefs are influenced both
by interpersonal communication and targeted external messaging
(Huckfeldt et al. 2004; Trusov et al. 2009; Iyengar et al. 2011).
Furthermore, firms and political groups spend massive amounts
on advertising and data brokers to target advertisements and
capture the attention of consumers and voters. In 2021, US
organizations spent almost $22 billion on audience data, to go
along with $221 billion in digital advertising.! In the 2024 election
cycle, digital advertising spending is expected to reach $3.5 billion
dollars.?

I analyze settings with a single influencer and two competing
influencers. In the single-influencer setting, the influencer dis-
counts an agent’s centrality by their initial, persistent belief.
Targeting agents biased in the influencer’s favor is not valuable
because one is merely displacing attention directed toward private
sources already sending similar messages. Thus, the influencer
favors agents biased in the opposite direction. In the competitive
setting, two influencers engage in a simultaneous move game
to drive the average belief in opposite directions. When agents
are unbiased, influencer targeting strategies align with those in
the single-influencer case: They spend more on central agents.
Competition does not distort incentives. However, when agents
are biased, competition can alter equilibrium targeting strategies
relative to the single-influencer setting. This is because spending
on an agent has a two-fold effect in the competitive setting: It
increases direct interaction and decreases attention paid toward
the competitor. The former is an acquisition incentive, whereas
the latter is a deterrence incentive. Influencers must weigh the
combined effect when determining whom to target. As a result,
equilibrium targeting strategies are sensitive to how attention is
divided based on the influencers’ spending. When the deterrence

incentive dominates, and spending decreases attention paid to
the competitor more than it increases direct interaction for
the targeting influencer, influencers prioritize reducing their
competitor’s influence more than increasing their own. They
expend resources to prevent agents from being “turned” by their
rivals and target agents biased in their direction. Propagandists
will focus on their base, and firms will spend their marketing
budget on consumers partial to their products.

In the next section, I describe the model. Section 3 examines
single-influencer targeting. Section 4 examines targeting under
competition. I defer discussion of the literature to the end.

2 | Model

There are N agents, labeled {1, 2, ..., N}, each holding an initial
belief b; € [0,1]. Agents are embedded in a peer network, a
directed graph defined by a non-negative, row stochastic matrix
P. P;; represents the frequency with which agent i interacts with
Jj or the relative level of trust agent i places in j.

External to the peer network is a set of external sources. These
include two strategic influencers and a group of “private sources”.
The first influencer, M;, has belief 1, whereas the other, M,,
has belief 0. The influencer’s belief is the message it desires to
promote. In addition to the influencers, there is a private source
S;, corresponding to each agent i, with belief b;. As b; controls
agent i’s initial belief and the private source’s belief, I refer to b;
as the agent’s bias.

2.1 | Interaction and Communication

The influencers and private sources constitute the set of external
sources. Fix a level of external attention «; € [0, 1). Each period,
agent i interacts with the external sources with probability
a; € [0,1). With probability 1 — «;, agent i interacts with her
peers according to the matrix P. When agent i interacts with
the external sources, he receives information from M, and his
agent-specific private source S;. To illustrate, consider a setting
where M, is a liberal propagandist, and M, is a conservative
propagandist that target a moderate agent who learns outside his
peer network through browsing the internet. Although he reads
articles from both propagandists, he also receives information
from like-minded media (private source S;) that reinforce his
initial belief (bias). Importantly, targeted spending by the influ-
encer affects the interaction rate between an agent and her private
source: It diverts attention away from i’s private sources toward
the influencer. The private sources, S;, are non-strategic with no
targeting ability, allowing me to capture a passive persistence of
bias.?

The probability with which agent i learns from an external
source is fixed. However, conditional on interacting with external
sources, the probability agent i interacts with a given influencer
is endogenous. If M; targets agent i, it can secure some portion
of the attention that i gives to external sources. Formally, each
influencer has a budget of 1 to allocate across agents in the
network. The allocation decision is M’s targeting strategy. Given
a targeting strategy a’ € [0,1]V, a competition function f :

The RAND Journal of Economics, 2025

85UB01 SUOWIWOD SAIIERID 3[dedl|dde ayy Aq peusenob afe sajoie YO ‘s Jo SNl 1oy Areiq18UlUO 8|1 UO (SUONIPUOD-PUE-SWLB) W00 A8 1M ARe.q)1|Bul UO//:SdNy) SUOIPUOD pue SWe 1 841 88S *[5202/60/TT] Uo ARigiTauluo A(im ‘Bexd JO AIsieAun A ZT002 T2TZ-9S.T/TTTT OT/I0p/wW00 A8 |im Ake.d1jpuluo//sdny woy pspeojumod ‘0 ‘TZTZ9G.T



R? — [0,1] determines the fraction of «; that M; wins. The
fraction of «; an influencer wins, f(:, -), depends on her spending
and her competitor’s. If agent i interacts with external sources,
he interacts with M; with probability f (af , a;j ) and from S; with
probability 1 — f(a},a}) — f(a},a}).*

Assumption 1.

L fey+fx)<1
2. f increasing and concave in its first argument

3. fisdecreasing and convex in its second argument

The first condition is technical, ensuring that the combined
fraction of o; won by both influencers does not exceed 1. The
second condition is a standard diminishing returns property from
additional spending. The third condition is a diminishing returns
effect of the opposition’s spending on one’s winnings.

Each external source can be viewed as an additional node in
the network that does not update its own belief. Whereas other
nodes (i.e., the agents) learn from external sources, each external
source only learns from itself. For ease of exposition, define
diagonal matrices D* and DS, where DY = 1 — a; and Dfl. =o;(1-—
f (a},aiz) i (af,ail)). The first two represent interaction rates
between agents and external sources, and the third represents
the distance of agents’ initial beliefs from 1. Communication can
then be described via weighted-average updating according to the
(2N + 2) X (2N + 2) matrix P*:

D*P af(a',a?) af(a?a') DS

poo O 1 0 Oy
Oy 0 1 Oy
01><N 0 0 INXN

The top left block D*P corresponds to peer-to-peer communi-
cation. In an abuse of notation, «f(a/,a™’) denotes the vector
of interaction frequency between agents and M;, with the it
component equal to «;f (a{ ,a; . DS corresponds to the direct
interaction rates from the fixed private sources. The last three
rows of the block matrix correspond to the external sources: each
external source places weight 1 on itself.

Agents update their beliefs each period according to a DeGroot
heuristic: beliefs at time t are P*'b.® The influencers want the
average limiting belief in the network to match their own. The
average limiting belief in the network is:

.1 . ,
B(a',a?) = Zhm NeTP*b, where e’ is a row vector of I’s.
-0

Influencer M, wishes to maximize B(a', a?), whereas M, wishes
to minimize it.”

It is important to note that the term “belief” need not be
interpreted literally. For instance, in a marketing context, where
influencers are firms, beliefs could reflect the probability that
a consumer views one firm as better than another, capturing
brand reputation. In a political context, where influencers are
propagandists or political groups, beliefs might reflect a left- or
right-wing view about a state of the world. Importantly, these

beliefs can be linked to actions. A consumer’s belief about
the superior firm can translate into their purchase frequency.
A voter’s beliefs can represent the likelihood of voting for a
particular party. More generally, “beliefs” can also be viewed as
behaviors that individuals adjust based on interactions with their
peers and external sources.

3 | Optimal Targeting: Single-Influencer
3.1 | Targeting Strategy

I begin by considering a setting with a single strategic influencer,
M,. To “convert” the model to this setting, I simply eliminate
the second influencer and use a single-variable competition
function f. Communication and learning can then be described
via weighted-average updating according to the 2N + 1) X 2N +
1) matrix P*:

D*P af(al) DS
P = (N 1 (9N,

ON XN 0 IN XN

The goal of M, is to target agents to drive the average limiting
belief in the network as close to 1 as possible. Her optimization
problem is:

max B(a')
a; Ji=1,...,n

n
s.t. Z a} <landa] > Oforalli
i=1

The optimal targeting strategy takes into account the following
features:

1. The agent’s bias.

2. The frequency with which an agent interacts with external
sources.

3. The agent’s position within the network.

The first two quantities are given by b; and «; f(a/), respectively.
Regarding the last, how does one quantify the importance of
an agent in the network? In each period, each agent i receives
a message from outside their peer network with probability «;.
From the influencer’s perspective, it must quantify how much her
message gets dispersed through the network once a given agent i
receives the said message. Consider the matrix ZZO(D“P)‘. The
(j, i)™ entry represents the time-discounted expected number of
paths between j and i. In other words, the long-run influence i
has on j. The matrix ZZO(D“P)‘ can be written succinctly as (I —
D*P)7!, where I is the N x N identity matrix. Denote the vector
e’(I - D*P)™' as §. Each component §; = Zil(EZO(D“P)t)ﬁ
quantifies the total long-run influence agent i has on the rest of
the network. However, with probability «;, each agent i interacts
with a source outside his peer network. Thus, the influence is
scaled-down by «;. Let g denote the “scaled-down vector”. That
is, g; = o;g;. Call g the attention-adjusted centrality vector.?
The average limiting belief can be decomposed into a linear sum
of each of these features.
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Theorem 1. The average limiting belief in the network is
% Z?:l q,[(1 = b)f(a})+ b;].° The influencer prefers targeting
those with higher attention-adjusted centrality and those with
opposite bias. Formally, given optimal targeting strategy a'*:

1 If(1-b)q; > (1 - b))g, then either a;* > a;* OR a;* = a;* =
0.

2. Ifaj* > aj* then (1 - b))g; > (1 - b))g;.

The sharp characterization of the average limiting belief in the
network highlights the fundamental forces at work. Unlike tradi-
tional DeGroot learning models, the average limiting belief will
not be each agent’s limiting belief. A consensus will not emerge
because the influencer and private sources act as “stubborn
nodes” in the network that never update their beliefs.

All things equal, agents with a higher attention-adjusted central-
ity are more valuable. The attention-adjusted centrality measure
q; = o;q; is a weighted network centrality measure: Each agent i’s
contribution to the limiting belief is scaled by the amount of direct
attention that the agent gives to external sources each period.
Notice, though, that the influencer considers the messages agents
receive from the private sources: g; is weighted by 1 —b;. An
influencer must consider the agent’s initial beliefs as those are
reinforced via the residual attention paid to the private sources;
the influencer must consider the agent’s bias. Agents with an
initial belief farther away from 1 are more important for targeting.
Because the influencer faces no competition, there is less need to
target agents who are already biased toward her message: such
agents will receive similar messages anyways! Within the single-
influencer setting, an influencer prefers targeting agents with
initial beliefs farther from her message. In the extreme case where
agents have either belief 1 or 0, all agents with a belief of 1 are
ignored. That is, a] = 0 when b; = 1.

The single-influencer setting should be interpreted as an environ-
ment where the strategic influencer faces passive competition,
and so her targeting can displace the attention agents pay to their
private sources. When faced with passive competition, a seller
should target agents biased toward its competitor. A propagandist
should target those biased in the opposite direction.

3.2 | Effect of Network Structure on Payoffs

The characterization of the influencer’s payoff function in Theo-
rem 1 leads to the natural question of which network she prefers
to face. In other words, for which non-negative, row-stochastic
matrices P is the influencer’s optimal payoff highest? As her
payoff depends on the network P through the attention-adjusted
centrality vector, this question reduces to identifying the g’s that
maximize max, .1 % Zil o;q;(1 = b)f(a)).

For simplicity of exposition, I will assume each agent has the
same bias b < 1.1° Heterogeneous bias will not affect the result.
Now, recognize that the question above is equivalent to asking
when strategic targeting is most valuable. Without knowledge
of the network, the influencer will target each agent equally,
securing a payoff of (1 —b) f(§)+b. The value of knowing
the network and targeting optimally is given by the difference

between the payoff under optimal targeting and this bench-

is maximized precisely at g’s for which max,: 1 zlv Zil a;q;(1 —
b)f(a}) is maximal.

Proposition 1. Strategic targeting is most valuable when facing
star networks. It is least valuable when facing a complete network.

The influencer prefers if the attention-adjusted centralities are
concentrated among a few individuals, with the star network
serving as the most extreme case. Centralities are most dispersed
in complete networks, and the influencer is forced to distribute
her budget equally across agents. The intuition behind the
preference is that when centralities are concentrated across a
small subset of agents, the influencer can expend all her resources
targeting the most central agents and benefit tremendously from
peer-to-peer learning.

4 | Competition

To incorporate competition, I add a second influencer, M,, with
belief 0. Influencer M, wishes fo maximize the average belief,
whereas M, wishes to minimize it. To provide an interpretation,
consider two firms competing for customers. The initial belief
represents an agent’s natural, passive bias toward each firm’s
products. The long-run beliefs represent the long-run frequency
of purchases from a given firm. In a political context, each
influencer represents a rival political group. The long-run beliefs
represent the long-run probability with which a given agent sides
with a particular group.

When both influencers are strategic, the optimization problems
for each, fixing the targeting decision of her competitor, are as
follows:

M, M,

max, . B(a',a*)

N 1 1
st. X, a <1, af >
0for eachi

max., .2 1-B(a',a?)
N 2 2

st. Yy, @l <1, ai >
0for each i

Definition 1. A pure strategy equilibrium is a profile of pure
strategies (a', a?) such that each influencer is best-responding to
her competitor’s targeting strategy.

The influencers engage in a simultaneous move game where each
selects a targeting strategy.

Pure strategy equilibria are guaranteed to exist. Mixed-strategy
equilibria do not!! A trivial generalization of the proof of
Theorem 1yields the following expression for the average limiting
belief in the network under any targeting profile:

1
N 4
1

M=

N N
1 1
B(a',a?) = qf@}. a1 =b) - 5 D aif(@l.aDbi + 5 Y by
i=1 i=1

Il
-

Gain from direct interaction
“Single-Influencer” Component

Gain From Reducing
Competitor’s Influence

Avg. Belief
w/ no Influencers
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Looking at the expression for the average limiting belief high-
lights important incentives in the competition game. Both
influencers weigh centrality in the same manner: All else equal,
the more central an agent, the higher the marginal gain from
targeting that agent. How influencers treat agents based on
their initial, persistent beliefs is not immediate. An influencer’s
spending on agent i has two effects: it increases direct interaction
with the agent and decreases her competitor’s direct interaction
with the agent. The former is scaled by 1 — b;, whereas the latter
is scaled by b;. Hence, there are benefits from targeting those with
beliefs far from 1 and those with beliefs close to 1.

The influencer objective functions are reminiscent of Colonel
Blotto games. In traditional Blotto games, “winning” is discrete.
One can interpret this game as a Blotto game where winning is
continuous, battlefields are of size g;, and each influencer has
advantages on some battlefields over others.

4.1 | Equilibrium: Unbiased Agents

Before examining competition in a setting with biased agents, it is
useful to first consider the case where agents are unbiased: b; = %
for all i. This setting, which can represent an undifferentiated
duopoly or a political contest where agents hold no initial bias
toward either party, allows us to isolate the effect of competi-
tion. I can then determine whether competition alone distorts
incentives relative to the single-influencer setting, irrespective of
bias.

: for all i. Then, there are only pure-
9f(a.c) 8,/'(6.11)

0x3y < dxdy
fora < c, thenin any equilibrium, influencers spend more targeting
central agents in the network than non-central agents.

Theorem 2. Suppose b; =

strategy symmetric equilibria. Moreover if f satisfies ——

When agents are unbiased, the game is symmetric zero-sum.
Competition leads to targeting agents symmetrically. Theorem 2
also reveals that for a large class of competition functions,
all equilibria involve influencers targeting agents with high
attention-adjusted centrality. This aligns with the findings in
the single-influencer setting. When agents are unbiased, an
influencer prefers to target more central agents: competition does
not distort their incentives.

To provide intuition regarding the condition on f, suppose an

influencer spends aon an agent, and her competitor spendsc > a.

3!(

The term —— represents the effect of the competitor’s spending

a
i (C 9 can be

on the marglnal return in direct interaction. Now,

interpreted as the effect of the competitor’s spending on one’s

marginal return of deterrence (i.e., how the competitor’s spending

affects @). Thus, @) 31D 01 4 < c reflects the idea that
Yy

oxdy ~  0dxdy
overspending disincentivizes one’s opponent from spending on
that agent. To see this more clearly, consider M, ’s objective, which

is to maximize:

S1fGal @) - fa,a)]

Gain from targeting agent i

Z| -
™=
=

I
—-

The function h(x,y) = f(x,y) — f(y, x) is the “normalized gain”
from targeting agent i (“normalized” because it does not include
the scaling via the attention-adjusted centrality). The partial
derivative of h with respect to x is the sum of the marginal
return in direct interaction and the positive externality created
by reducing the competitor’s direct interaction. The condition on

f implies —= ah(“) < 0 for ¢ > a. In other words, influencer spend-

ing deClSlonS are partially strategic substitutes. Consequently,

oh oh
;a 9 29 when influencers are spending small amounts on
X

an agent, there is a greater gain to increased spending. Many
competition functions satisfy this property, including the classical

Tullock competition function, f(x,y) = — 12
x+y

4.2 | Biased Agents

In the previous section, I showed that competition alone does not
alter the qualitative structure of who is targeted relative to the
single-influencer case. This raises the question of whether the
dynamics change when agents are biased. In other words, does
the combination of competition with agent bias shift targeting
strategies? Do the insights from the single-influencer setting
carry over, and will influencers focus on those with dissimilar
beliefs?

When agents have varying biases, the game is no longer
symmetric, and asymmetric equilibria emerge. To determine
how influencers incorporate agents’ biases in the presence of
competition, I consider a class of networks that I call balanced.

Definition 2. A network of N agents, N even, is said to
be balanced if there exists a bijective map G : {1,...,N} —
{1, ,N} with bi =1- bG(i) and q; = O(iqi = O(G(i)qc(i) = qG(i)'

In a balanced network, for each agent i with belief b; and
attention-adjusted centrality g;, there is a unique agent j such
thatb; =1 - b; and «;§; = a;§;. Individual agents may be biased
in one direction or another, but there is no bias on average.
Many networks have this structure, including symmetric core-
periphery networks: networks with K highly central nodes, each
connected to 1% nodes of low centrality. However, a balanced
network does not require symmetry of shape, merely symmetry
of the attention-adjusted centrality q; = «;q;, which is a weaker
condition. Considering such networks allows me to isolate the
effect of the characteristics of competition on the incentive to
target like-minded agents in equilibrium.

Recall the interpretation of the competing influencers as a model
of duopoly competition between two firms fighting for customers.
A balanced network is an environment with two groups of
customers, those leaning toward one of the firms and the other
leaning toward the second firm. Within each group, agents have
differing intensities of bias. The constraint on centralities ensures
no one set of customers has a dominant influence over the other.

In the example below, I describe a game over a two-agent
balanced network. The competition function is the classical
Tullock competition function.
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Example 1. Let f(x,y) = ——, with § € (0,1). Suppose the

network has two agents Wlth 1n1t1al beliefs b, =1 and b, = 0.
Assume the attention-adjusted centrality measures satisfy g, =
g, = q. Using the Karush-Kuhn-Tucker (KKT) conditions of
optimality, the following system of equations must be satisfied:

2 2 1 1
aj a,+96 a, a, +¢6
1 2 5 = 1 2 5 an 1 2 5 = 1 2 5
a, +a;+ a,+a;+ a,+a;+ a, +a;+
al+a=a+al=1
1-6 146 2
Solving yields the unique equilibrium: a! = (— —) nd a* =
1+5 1-6
()

Consistent with the single-influencer setting, the influencers
spend more of their budget targeting the agent with a differing
initial belief. The particular competition function used in Exam-
ple 1 incentivizes targeting agents with different beliefs, aligning
with the findings in the single-influencer setting. However, this is
not guaranteed. The characteristics of the equilibria are sensitive
to the properties of the competition function f. The Tullock
competition function incentivizes influencers to “reach across the
aisle” because it does not incentivize deterrence. To formalize
this, I introduce the following definition:

Definition 3. Competition is said to be intense if the following
holds:

8fae) _ 9fca) o 8f(ca) _ 8f(ac)
ox oy —  ox dy
_6f(c,a) s dka df(c a)
dy

1. whenever a < c.

whenever a < c.

To provide the intuition behind the definition, suppose an
influencer is underspending on one agent and overspending on
another relative to her competitor. The first condition represents
a competitive incentive: There are weakly larger gains to be had
from spending on agents one is underspending on than from con-
tinuing to spend on those one is overspending on. This condition
is satisfied by numerous classical competition functions, such
as the Tullock competition function from Example 1. The key
property is the second, which the Tullock competition function
does not satisfy.!* The second condition represents the deterrence
incentive: Spending more on the agent she is underspending on
will hurt her competitor more than spending on the one she is
overspending on will help herself.

Theorem 3. Given a balanced network, if competition is intense,
influencers spend more targeting agents biased toward them.™

The proof of the theorem shows that for any pair of agents
i and G(i), each influencer spends more targeting the agent
who is already biased toward her message. When competition is
intense, the gain from protecting conforming agents outweighs
the loss from reducing spending on agents with dissimilar beliefs.
Each influencer benefits more from targeting agents that are
more valuable to her competitor. Such agents are precisely the
ones that are biased toward the influencer. The most power-
ful incentive is deterring the opposition and protecting one’s
conforming agents from being altered. Such a finding informs
some of the applications highlighted in the introduction. The

reason why political propagandists direct resources to target
their base and firms spend money targeting customers already
biased toward purchasing their product may be due to deterrence
incentives.

Under what competition functions is competition intense? The
properties listed in Definition 3 can be satisfied using an extension
of the Tullock competition function that incorporates the notion
that agents are already aware of each influencer (i.e., f(0,0) >
0). One example of such a function is f(x,y) = ——~— 15 This
2+1.5x+1.5y

function f has the curious feature that f(x,y) + f(y, x), the total
fraction of attention accorded to influencers, is decreasing in
x and y. In the context of firm marketing competitions, this
phenomenon is referred to as “advertising wearout”: Consumers
become fatigued or desensitized to repeated advertisements. In
political campaigns, it is known as “message fatigue”: Voters
disengage after being exposed to excessive political ads.’® In both
cases, although spending might reduce a competitor’s influence,
it does not fully translate into increased attention toward the
advertiser. Part of the freed-up attention is redirected to the
private source reinforcing the agent’s bias. However, this can be a
positive if the agent is biased in a favorable direction.

The conditions needed in the definition of “intense competition”
are to ensure that Theorem 3 holds independent of the magnitude
of the biases and distribution of centralities q in the network.
If one had more network information, such conditions could be
relaxed. For example, if network centralities are not too dispersed
so that each influencer targets each agent with a fraction € > 0 of
her budget, then —Z (;a) > ey af ©9 heed only hold for ¢ < a < c.

Intense competition is sufficient but not necessary for influencers
to spend more, targeting like-minded agents. However, the sec-
ond condition specified in the definition of intense competition
is critical.

Proposition 2. If in every balanced network, influencers spend
df(c.a) > df(c.a)

more targeting those biased toward them, then — . .
'y X

whenever a < c.

Proposition 2 demonstrates that the deterrence incentive must
be strong for equilibrium targeting to favor like-minded agents,
independent of the magnitude of the biases and distribution
of centralities g in the network. Importantly, if b; € {0,1} for
each i, then this deterrence property is both necessary and
sufficient for Theorem 3 to hold. The crucial feature that leads
to targeting like-minded agents is whether targeted spending can
reduce the competitor’s ability to influence an agent. It is not
so much whether spending leads to more direct interaction with
a given agent but whether it can reduce direct interaction with
one’s competitor.

4.3 | Effect of Network Structure on Payoffs

The interaction between bias and competition also affects how
influencers assess which network structures are most advan-
tageous. When agents are unbiased and the conditions of
Theorem 2 are met, the average limiting belief in equilibrium is
always %, independent of the network structure. However, when
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agents share a common bias b, each influencer prefers different
network structures based on whether the bias is in their favor.

Proposition 3. Suppose each agent has bias b. If f(ﬁ, i) <
f(,1), then influencer M, prefers a complete (star) network over
a star (complete) network whenever b > (<)%.’7

Proposition 3 stands in stark contrast to Proposition 1. When
an influencer’s competitor is passive, the influencer prefers to
face a star network. That is not necessarily the case when
both influencers are strategic. Consider the case when b > %:
All agents are biased toward influencer M,. If centralities are
dispersed, M,’s competitor must spread out its budget, allowing
M, to take full advantage of the agents’ favorable bias. Likewise,
when b < %, M, prefers if the centralities are concentrated as it
can focus all of its resources on a few agents, giving it the best
chance of “converting” the network.

The interpretation of the assumption that all agents share a
common bias is that it reflects a setting where one of the
influencers is an incumbent that has acted as a single-influencer
for a length of time, resulting in a homogeneous bias toward it.
The implication of Proposition 3 is that an incumbent is in a
stronger competitive position against future entrants when the
agents are part of a complete network, and no single agent has
a dominant influence over his peers.

5 | Final Remarks

Many environments involve influencers attempting to shape
beliefs. Individuals, though, often form beliefs not only from
external targeting but also from their peers. One of the article’s
goals was to develop a tractable model to understand these
settings better. Agents in my model learn via a DeGroot heuristic,
but what distinguishes my model from other DeGroot learning
models are the non-strategic and strategic external sources.
Including these external sources allows for the persistence of
agents’ bias, ensuring agents do not reach a consensus belief in
the long run. In traditional DeGroot models of belief formation,
all agents share the same belief in the long-run, and so influencers
are solely concerned with an agent’s location in the network
(Golub and Jackson 2010; Golub and Sadler 2016).

An implicit assumption built into the DeGroot updating rule is
that all agents in the network are informed about the relevant
issue. Therefore, although the applications of my model are
to firm marketing competitions and propaganda campaigns, it
is important to note that it is best suited for settings where
consumers are already familiar with the brands or where voters
are aware of the political event and understand the general
left- or right-wing perspectives. A common criticism of the
DeGroot learning rule is its simplicity and how agents do not
account for the repetition of information. However, accounting
for such repetition requires significant computing power, and
arguments based on bounded rationality support the use of
such heuristics (DeMarzo et al. 2003). In fact, Chandrasekhar
et al. (2020) provide empirical evidence demonstrating that
it mirrors observed patterns of information-sharing behavior
in communication networks. Additionally, Grimm and Mengel
(2020) demonstrate via experiments that DeGroot learning cap-

tures how agents form opinions about the value of an unknown
state.

The belief updating rule in this model is mathematically equiv-
alent to other processes. For instance, suppose learning is
stochastic: P; denotes the probability of interaction between
i and j, and each time communication takes place, agent i
adopts the belief held by the party she communicates with. Then,
lim,_ ., P*'b represents the expected belief held by each agent
in the long run. Another communication and updating protocol
yielding the same structure involves agents and external sources
sharing binary articles (0 or 1), with beliefs in period ¢t equal
to the fraction of articles received with a value of 1. If b; is the
initial frequency at which agent i shares an article with a value
of 1, and sharing frequencies in period t + 1 are equal to b’, then
lim,_ ., P*'b is the long-run fraction of articles with a value of 1
that agents have received.

Given the model and its applications, choosing to use long-
run limiting beliefs as the influencer’s objective is natural. The
model, though, does provide a framework to explore targeting
behavior when influencers have other objectives, which may be
interesting for future research. For example, if influencer M;
is focused on long-run awareness, it would want to maximize
the quantity lim,_, i . 211 P*E‘N+ > which measures how much
agents incorporate the influencer into their long-run beliefs.
Similarly, in other applications, it might be that the influencer
only cares about agent beliefs in so far as those beliefs cross a spe-
cific threshold. Crucially, the model in this article is sufficiently
tractable to analyze competitive settings between influencers with
such objectives.

5.1 | Related Works

My article fits into the theoretical literature on opinion dynamics,
offering a model of learning that incorporates both DeGroot
learning and the persistence of agents’ initial beliefs.'® The
learning process in my model is related to that described in
Friedkin and Johnsen (1999), where agents are embedded in a
network, learn from their peers, and are heterogeneous in their
susceptibility to interpersonal influence. A lack of consensus in
the limit arises when some agents are not susceptible to peer
influence.’ My model can be viewed similarly by interpreting 1 —
a; as agent i’s susceptibility to his peers and ¢; as his susceptibility
to the external sources. However, the influencers in my model
can choose whom to link to and the intensity of the link, thereby
making agent susceptibility toward external sources endogenous.

The idea of influencer targeting to spread information in a
network is related to the research on “seeding” a network (e.g.,
Kempe et al. 2003, 2005; Banerjee et al. 2013, 2019; Kim et al. 2015).
However, my article incorporates strategic competition in diffu-
sion. The addition of competition in seeding causes influencers
to consider how seeding reduces the influence of their rivals, a
force absent in a single-influencer seeding setting.

Mostagir et al. (2022) also examine how a single influencer
manipulates long-run beliefs of agents in a network when agents
receive impressions across multiple external sources. A crucial
distinction is that the influencer is not budget constrained and
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only benefits from targeting if an agent’s belief reaches a particu-
lar threshold. One can view Mostagir et al. (2022) through the lens
of my model by changing the influencer’s objective function from
the average limiting belief to a threshold objective and replacing
the budget constraint with a marginal cost associated with
spending. Then, when there is no competition, an influencer may
find it optimal not to spend resources targeting (e.g., the targeting
necessary to push beliefs above the threshold is too costly).
However, my model highlights the importance of competition
even with the threshold objective. In the absence of competition,
an influencer may refrain from targeting; however, the presence
of competition can encourage her to spend strategically to reduce
the rival’s ability to manipulate beliefs.

The most closely related works are Bimpikis et al. (2016) and
Goyal et al. (2019), which study competitive diffusion between
two firms on a network. However, agent bias is not persistent,
and firms only care about the average fraction of “impressions”
generated. Specifically, Bimpikis et al. (2016) is a special case of
my framework when the influencer’s objective is to maximize the
long-run weights agents place on her (i.e., M; maximizing the
average of the elements in the (N + 1)”' column of lim,_, P
An influencer with this objective is agnostic about how agents
interact with other external sources. In my model, influencers
must be concerned with the distribution of impressions generated
and the distribution of long-run weights across all external sources.
This distinction is significant not just at a technical level but in
terms of applications. For example, suppose agents make binary
choices based on their beliefs about a state. An agent’s limiting
belief is based on the entire distribution of messages he receives,
not just the fraction of messages received directly and indirectly
from an influencer.

When influencers target like-minded agents in my model, it is
due to an incentive to deter one’s competitor. This particular force
contrasts my result with Sadler (2023), which examines opinion
dynamics in a single-influencer setting. Sadler (2023) identifies
conditions under which the influencer targets her base, but this
is due to risk-aversion on the part of the influencer. In my model,
influencers are risk-neutral, but appeals to the base occur due
to competition.

Acknowledgments

I thank Joyee Deb and three anonymous referees for their valuable
comments. For helpful discussions and suggestions, I thank Kostas
Bimpikis, Matthew Elliott, Matthew Gentzkow, Ben Golub, Sanjeev
Goyal, Matthew Jackson, Amin Saberi, Eduard Talamas, and José Tudo6n.
Iwould also like to thank participants of the 2021 International Industrial
Organization Conference and 2022 Annual Conference on Network
Science and Economics. This work was supported in part by the ERC
Grant #757229 under the European Union’s Horizon 2020 research and
innovation program.

Endnotes
!See Statista: Third Party Audience Data and Statista: Digital Advertising
Spending.

2 https://www.emarketer.com/press-releases/2024-political-ad-
spending-will-jump-nearly-30-vs-2020/

3 An alternative interpretation of private sources is that they are simply a
modeling device to ensure the agent always places some weight on their
initial belief.

4Mixed strategies would correspond to a probability measure over {a! €
[0, 1IN X al.1 < 1}. In the single-influencer setting, the strategy space
can be restricted to pure strategies because f is concave.

>The inclusion of the competition function contrasts my model with
Grabisch et al. (2018). In that article, influencer strategies are restricted
to the formation of a single link in the network, and the effect of this
link formation is fixed. I allow influencers to choose both the breadth
and intensity of their targeting.

SIfq; = 0, meaning agents do not interact with any external sources, then
beliefs at time ¢ are P'b as in the classic DeGroot learning models.

71 show the quantity B(a!, a?) is well-defined in the proof of Theorem 1.

8Related is Katz-Bonacich centrality (Bonacich 1987; Bloch et al. 2023)
and the DeGroot centrality measure in Mostagir et al. (2022). In the
latter, influencer targeting is binary (to target or not to target) and the
frequency of interaction conditional on targeting is fixed. As a result, the
amount of attention agents devote to external sources is endogenous.
In mine, the available attention toward external sources is fixed, but
the distribution of attention is not. Hence, my centrality measure is
static: it takes into account transmission within the peer network
scaled by the amount of available attention directed outside the peer
network.

°If the set of private sources agent i interacts with directly has
average belief p;, then the average limiting belief in the network is

< ¥, 4l - p)f(@h) +pil.

107f p =1, the average limiting belief will be 1, independent of the
influencer’s targeting decisions.

See Lemma 2.

2This competition function has been employed in a number of areas,
including the economics of advertising, tournaments, and political
economy—see Corchon (2007) for a survey.

13To see this, notice that Sfled) _ _a¥d g 8D _ ¢ por
ox (c+a+6)? dy (c+a+6)?
ae(c-360c), e  _ofea)
ox dy

14 Analyzing the relationship between targeting and bias requires con-
trolling for centrality. If not, there is a risk that network centrality
dominates equilibrium behavior. Specifically, if the centrality of a subset
of agents significantly exceeds that of other agents, then no influencer
would spend more targeting agents outside that subset than within
it. In the extreme case, where max q; ~ N, influencers would allocate
nearly their entire budget to a single agent. The balanced network
assumption serves as an appropriate benchmark because it avoids this
effect.

a+x

15 Competition is intense for any f(x, y) = ,where a, b, and c are

b+c-x+c-y
" . b
positive constants with ac € (5’ b).

' Blair (2000) and Lu (2022).

7The condition on function f is not stringent. For example, any function
of the form f(x,y) = —

————— where c(-) increasing and c(0) =0,
c(xX)+c(y)+8
satisfies the property.

8Molavi et al. (2018) and Dasaratha et al. (2023) provide microfounda-
tions for the DeGroot learning rule.

19Such agents are equivalent to the “stubborn” agents in Acemoglu et al.
(2010) and Yildiz et al. (2013).

5 . . . . N N s
20 As P + geT is row-stochastic and v is a unit vector, 2o vy X Py +

N
¥y = zj:l vj-
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https://Statista: Digital Advertising Spending
https://www.emarketer.com/press-releases/2024-political-ad-spending-will-jump-nearly-30-vs-2020/

Hlet I* :=max{i : ; > 0}. The existence of k* guarantees g} > q;.
Therefore, the claim is trivially true if I* = 1, as that would mean a; = 1
and ag; =0 for all i > 2. If [* > 1, then the KKT conditions in (A.l)

!

imply Z—ﬁ = % foralli, j <I*. As q] > g, this means g > g; for all

i j

iedl,.., "}

2By Lemma 4, i* > 2, and so such a & exists.

BThe influencer’s optimal payoff is maximal when max;q; = N.
Although the star network satisfies this property, other network
structures can also satisfy it. For instance, consider a tree network
where the root node puts full weight on itself, and all other nodes place
full weight on their parent node.
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Appendix A: Main Proofs

A.l | Proofs: Targeting and Equilibrium

To compute B*(a'), I need to first compute lim,_, o, P, Simple matrix algebra yields:

(DePy (3, _O(D“P)‘) af(al) (Zl o(DP)) - DS
P = 014N (U
OnxN 0N><1 Inwn

Now, lim,_, o, Z;zO(D“P)" = (I — DP)71, so the only term left to calculate is lim,_, ., (D*P)".
Lemma 1. If P = D*P for some a # 0, then lim,_,,, P' = 0.

Proof. P is substochastic with at least one row sum strictly less than 1. As P is aperiodic and strongly connected, P is irreducible and there exists n € N
such that P" has positive entries. By the Perron-Frobenius theorem, there exists 1 > 0 such that 4 is the largest eigenvalue of P and the associated unit
left eigenvector v of P is strictly positive.

. 1 N & . . . . s
Let¥ e Rf be the positive vector such that ¥ = ﬁ(l - Ei:l P ji). Thus, P + We! is row-stochastic, where e is a column vector of 1’s. Now:

N N N
W =0"P = Av; = Zpﬁvj foreachi =1 = Z ijivj
j=1 i=1 j=1
N N N N N N
=Y D@ - ¥ = Y D P+ - ZZW 0j= 0 Y (B +¥)v; — N(¥ - )
i=1 j=1 i=1 j=1 i=1 j= i=1 j=1

= Z;V:l v; le(Pﬁ +¥;)-N(¥-v)=1-N(¥-V) <1, because ¥ is non-zero and non-negative.”’ Recognize that vP = v = vTP' = 1'v =
lim,_,, VP! = 0. As v is positive and P is non-negative, lim,_, ., P! = 0. O

Proof of Theorem 1(i): Applying Lemma 1:

Oyxy (I —DP)'-af(a') (I-D*P)™'.DS
0 1 0

lim P*[ — IXN 1XN

t—co OnxN Onx1 Inwn

— B(a!) = IlVeT [tlim P*fb] - %eT(I —D*P)! - [af(@") +a(l - f(a")b]
-0 Nx1

N

N
g+ [af(@') +a(1 - f(a))b] = 2 (L -b)f (@) + bl = < Zqi[(l—bi)f(agnbi]
i:l

i=1

Proof of Theorem 1(ii): Given the closed-form expression for B(a'), the KKT conditions for optimality provide the following characterization of the
optimal targeting strategy:

E}
al st —(l—b)tf(a)
a_l* — 9x (Al)

. 8£(0
0 lfﬁ(l—bi)%%=#—/1i, 420

Using (A.1), concavity of f implies that if (1 - b;)g; > (1 - bj)q;, then a}* > a} whenever a; > 0.

of(al*) af(a}*) of(a) 8/
dx

Similarly, if al* > al* then it follows from (A.1) that —(1 —b;)g; —(1 —bj)g; = . As, e <o by concavity of f, it necessarily

means(l—b)ql >(1—b ;- O

Lemma 2. There is no mixed-strategy equilibrium.
Proof. Define h;(x,y) = (1 — b)) f(x,y) — b f(, x) for any x,y € [0, 1]. Given pure strategies a',a’ € {z czeRN,z >0, Zﬁ\il zi=1 } the payoff to
M, is B(a',a?) = 1%] le qi[hi(a}, ) + b;], whereas the payoff to M, is 1 — B(a', a?). The game is obviously zero-sum.

Suppose there is a mixed-strategy equilibrium and M, uses mixed strategy o, over the simplex. It must be that M; is indifferent between all actions in the
support of her strategy and prefers the actions in the support to those outside of it. Suppose M, plays a pure strategy a' where ai1 =E,, [aiz]. By Jensen’s
inequality, M;’s payoff is:

/Zq,h(al,a o, = Nqu/h(al,aZ)doz(aZ» —Zq,h(al,a )= NZqz :

Thus, any mixed strategy equilibrium must guarantee M; a payoff strictly greater than % le q;b;. By symmetry, M, must be guaranteed a payoff strictly

greater than 1 — 1% 211 q;b;. However, the sum of their payoffs would then be strictly greater than 1, which is impossible. Thus, no mixed-strategy
equilibrium exists. O
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Proof of Theorem 2: The action set of each influencer is convex and compact, and B(a!, a?) is continuous in each argument, concave in al, and convex
in a®. Therefore, a pure strategy equilibrium exists. By Lemma 2, no mixed strategy equilibrium exists. As the game is symmetric zero-sum, all equilibria
are symmetric, and so I suppress dependence of the targeting strategy on the index of the influencer. Consider any equilibrium (a, a). Suppose q; < a;
and g; > g;. It follows that:

(3fana) _of@a) | (Of@a) of@na)y (3@ ofaa)
gL ox dy gL ox dy L ox dy

5f(aj,aj) af(aj,aj)
4 ox dy

This violates the KKT conditions of optimality unless a; = a; = 0. O
Lemma 3. In a balanced network, if (a', a®) is a pure strategy equilibrium, then al.1 = aé(i).

Proof. Let A; = {a €[0,1]N] ¥ a; <1} denote M;’s strategy set, and let 7; : A; X A, — [0,1] denote M;’s payoff function. Notice 7 (x,y) = 1 —
75(x, y), and so the game is zero-sum. Because M j’s payoff function is concave in her strategy, there is at least one pure-strategy equilibrium.

Given a balanced network, let G denote the corresponding function that maps each agent to her counterpart. One can view G as a permutation on
{1,...,N}. In an abuse of notation, given any vector x € RN, define G(x) = (XG(1)s -+ » Xg(v))- Recognize that GoG is the identity operator and 7;(x,y) =

75(G(y), G(x)). Thus, if (x, y) is an equilibrium, (G(y), G(x)) must also be an equilibrium. Furthermore, 7 ;(x, G(x)) = % for any x, which means that

any pure-strategy equilibrium must yield payoffs of % to each influencer.

Suppose there is an equilibrium (x, y) such that y # G(x). This implies that 7z, (x, y) = 7;(x, G(x)) = % = m,(x,y) = m,(x,G(x)) = % However, 7, is
concave in its second argument = 7,(x, 1y + (1 — 1)G(x)) > é for some 4 € (0,1). This contradicts the assumption that (x, y) is an equilibrium. Thus,
any equilibrium must be of the form (x, G(x)). O

Proof of Theorem 3: There are only pure strategy equilibria (Lemma 2). Consider any equilibrium (a', a?). Lemma 3 implies a> = G(a'). Suppose there
is an agent i with b; > % such that al.1 < aJl. for j = G(i). By the KKT conditions of optimality:

af(al,a?) 8f(a?,al) df(at,a?) 3f(a?,al)
(1—bl~)f L, USL) <Q-bp)—=LL —p—L
0x dy 0x dy
af(al,a? af(a?,al df(a?,al af(al,a?
— 1-b) /(g ‘)—bi f(a; ’)sbz f(a},al) fla;,a;)

o —A-b)—F—

2 1 2 1 1.2 12
bi<_5f(ai,ai) ~ 6f(ai,ai)> S(l_bi)<_af(ai,ai) ~ 6f(ai,ai)>
dy ox dy ox

dy boox

af(aal)  df(atal)
—_————— —— >

8f(a2,al 8f(a?,al 8f(al,a? 3f(al,a?
Now, Oand — flepe) _ ofeia) + 74 + S >0.As b; > 1, it follows that b; > 1 — b;:
dy dx dy ox dy ox 2
. _5f(al.2,al.1) ~ t3j"(<1l.2,al.1 (b _5f(al.1,al.2) ~ af(a},af)
! dy ox ! dy ox

This is a contradiction given the conditions on f as a result of competition being intense. Thus, it must be that ai1 > aé in equilibrium. A symmetric

2
G(i)
Proof of Proposition 2: If the influencer targets like-minded agents in all networks, then, in particular, they must do so when the initial beliefs of agents
are such that b; € {0, 1} for all i. Thus, let us consider only balanced networks with such initial beliefs. Consider two agents i and j such that j = G(i)
and b; = 1. Let total spending be T'(i, j) on these agents by an influencer in equilibrium (as the network is balanced, both influencers spend the same
total amount on each of these agents). Now, for any € € [0, 1], if the centralities of agents i and j are sufficiently small, then T(i, j) < €. Likewise, if the
centralities of agents i and j are sufficiently large, T(i, j) > €. Hence, there exists networks such that for any Z € [0,1], T(i, j) = Z.

®

argument demonstrates that a’, .. > aiz. Each influencer spends more targeting the agent with a similar belief. O

Given a network with T'(i, j) = Z, the KKT conditions imply that in equilibrium:

3f(a?,a}) of(a,al)
bi\ - dy B ox <0

In any equilibrium, the influencers spend more on conforming agents, and so the expression in the parentheses is negative whenever al.1 < al.z. Because
al.2 = ajl. =Z — a}, it follows that:

af(a?,al) df(a},al)
T8y T ax

0f(Z -a,a) B 0f(Z —a,a)

<0foral < a? =
ora} < g 5 =

A
<0fora<;

As this must hold for all Z € [0, 1], the result follows. [l
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A.2 | Proofs: Network Structure

To prove Proposition 1, I use the following two lemmas. The first shows that the sum of the entries of an attention-adjusted centrality vector is N. The
second shows that the influencer’s optimal payoff is higher when the centralities are concentrated rather than dispersed. Within the proofs, I assume
that for every attention-adjusted centrality vector ¢ = (qy, ..., qn) that g; > g, > ... > gy This is without loss.

Lemma 4. If q is an attention-adjusted centrality vector, then le q; =N.
Proof. Recall g = e (I — D¥P)"}(I — D¥). Expanding (I — D%*P)~! as a power series yields:

el Z(D"‘)‘P’ (I-D%)=eT . [I+2(D°‘)‘P’ I(p—1)

N ) 0
= Y g =el-|[I+) (DY)PY(P- 1)‘] ce=N+ Y (DY'P1(P-De=N O

Lemma 5. Let g and q' be two attention-adjusted centrality vectors. If there exists k* such that qlf > q; fori €{l,..,k*}and q{ <qforie{k*+1,..,N},
then:

1

M z
7‘
—
|
o
=
<
=
L
)
=
+
U‘
V
g
Q}

N
5 2 4l = b)fa)+b]
1=1

Proof. For notational convenience, set h(x) = (1 — b)f(x) + b. Let a’ and a denote the optimal targeting strategy when the attention-adjusted centrality
vector is ¢’ and g, respectively.

Case#l:a' =a

First, recognize that g/ > q; whenever a; > 0.2 Tt follows that:

I*

N Zq h(a,>—2q’h(a,)+— (N - Zq)hm)

I*

Ilv' qih(a) + 2<q gOh(@) + 5 - (N - Zq)mm

-
Zq,h(a>+ = [Z(q, —g)+N- Zq,] h(0)
1 « 1 o 1<
= 5 2 ah@) + (N = ¥ q)h) = 5 3" qih(a)
i=1 i=1 i=1

Case#2:a' #a

By optimality of a’:
N
5 =Y gh(a) > ~ Zq h(a;) = quh(an —<2(q COLCHE Z‘;ql aDh(a; )) (A2)
i=1 i=k#
1 N 1 k* N
> 5 2 qih(a) + 55 - h(ae) - <Z(q,f —g)- Y (@- q{)) (A3)
i=1 i=1 i=k*+1

Inequality (A.3) follows from Theorem 1: q; > q; for i < j = a; > a;. Lemma 4 implies Zil(qi’ -q;) - Ef\ik*ﬂ(qi - q{) =0, and so (A.3) is greater
1 N

than or equal to I~ Xioq Tih(ay). O

Proof of Proposition 1: Consider an attention-adjusted centrality vector ¢ = (qy, ..., qy). Lemma 4 implies g; € [1, N]. Let i* = max{i : g; > 0} and

Jjr=max{j:q=q}

Star Network:

Suppose g; < N. Fix a § € (0, (i* — 1) - g;+).? Consider attention-adjusted centrality vector ¢’ = (gj, ..., q)) such that g = g, +6, g =

ie{2,..,i"}and qi’ =q; = 0fori € {i* + 1, ..., N}. Lemma 5 implies the influencer receives a higher optimal payoff when the attention-adjusted centrality
vector is ¢'. Suppose q; = N. If ¢’ # g, then q{ < q; and qi’ > q; foralli € {2,...,N}. By Lemma 5, the influencer receives a lower optimal payoff under
q’. Thus, a star network maximizes the influencer’s optimal payoff.3

Complete Network:

Suppose g; > 1. By Lemma 4, j* < N. Therefore, there exists a & € (0, N%j* - (gj* — gj++1))- Consider a vector q’ such that qf =q—-dforiefl,..,j"}
and q] = g; + NJT,* -8 for i € {j* +1,...,N}. The vector ¢’ satisfies q; > ¢5 > ... > qy 20, g < q; for i €{1,..., j*} and q > g; for i € {j*,...,N}. By
Lemma 5A, the influencer has a lower payoff under ¢’. It follows that the influencer’s optimal payoff is minimized when ¢; = 1.

Proof of Proposition 3: In a star network, each influencer allocates its entire budget to the most central agent. M;’s payoffis b + (1 — 2b)f(1,1). In a
complete network, each agent has the same attention-adjusted centrality. Because agents also have a common bias, each influencer targets each agent

equally. The payoff to M isb + (1 — Zb)f(%, %).
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The equilibrium payoff in a complete network is greater than the equilibrium payoff in a star network whenever (1 — 2b) f (1%1’ %) > (1-2b)f(1,1). The
proposition follows. O

Appendix B: Attention-Adjusted Centrality

The attention-adjusted centrality vector q differs from other common measures of network influence in the literature, specifically eigenvector centrality.
Eigenvector centrality appears in Lever (2010) and governs influencer targeting decisions in his model. However, this is due to the limited ability of the
influencers’ to interact with agents: Spending has a one-time effect on agents’ initial beliefs. Thus, agents’ importance is dictated entirely by their effect
within the peer network. In my model, agents interact with influencers repeatedly, leading to the attention-adjusted centrality g becoming the vector
of interest. Agents that are influential within the peer network do not necessarily have the same importance. However, suppose agents interact with
external sources at the same rate a. As a approaches 0, g approaches the span of the eigenvector centrality.

Proposition 4. Let w be the unit left-hand eigenvector of P associated with the eigenvalue 1. Consider any decreasing sequence {oc(j)};o:l such that

lim;j_ a) = 0 and the corresponding attention-adjusted centrality vectors qU) = al) . eT(I — (1 — a)P)~L. Then:

)
lim _ w
j—=

Proof. Define W to be an N X N matrix where each row is equal to w. Let HHZ denote the standard norm in RV It follows that:

q¥ 1 . 1 . ]
H— -w|| = —‘ g9V —Nwl|| = =|la@-eT(d -1 - a)P) —eTw (B.1)
N » N 2 2
Recognize that % = Zzo(l — a)'W. This implies that (B.1) can be expressed as:
1 . . . )
—|gWeT — apt — gWeT — aUnt
N ale 2(1 aV)Pt —alVe 2(1 ally WH (B.2)
t=1 =0 2
1 L-1 o0
= N' alel 3" (1 = aD) (Pt = W) + alel Y (1 — aD) (P! - W)H for any L (B.3)
t=0 t=L 2

Consider any ¢’ and € with ¢’ € (0, €). Because W = lim,_, , P!, there exists L sufficiently large such that each element of P! is within ¢’ of each element
of W for t > L. Thus:

L-1
1 ; ] 1
(B3) < —HoN)eT 1 —ayipt - W)H +=
N[ X S

&)
aDel ' (1 — Dy (P! - W)H
t=L 2

I-1
< 1 a@el 2(1 — Pt —w)|| + 1 = aW)le’
N =0 2
< ¢ for a¥) sufficiently close to 0 O

The components of w are the relative impact of each agent on the others when there is only peer-to-peer learning. When agents are constrained to
interact with their peers at the same rate, Proposition 4 implies there is a cutoff & > 0 such that for « < &, the rank ordering of the agents according to
q corresponds to that of w. For a > &, these measures may diverge. Observe that as « — 1~ for each i, 2;';0(1 — a)/ P/ puts more weight on the early
terms. To illustrate, consider the following network and centrality measures for different values of a:
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Example 2.

040303 0 0 0 0
04 04 0 0101 0 0 ‘
04 0 04 0 0 01 01

05 0 05 0 0 0 0 a
05 0 0 05 0 0 i

0
. |

0 0 050 0 050

0 0050 0 0 05 ae 6‘

[0.32 0.24 0.24 0.05 0.05 0.05 0.05]

oa—0: w

a=02: g¢q

[8.747 7.73 7.773 2770 2.70 2.70 2.70]

o=0.6: q=[1.99 212 212 1.36 1.36 1.36 1.36}

As «a increases, agents 2 and 3 become more central because they are separated from agents 4 — 7 by a single edge. The probability of the influencer’s
message being received by those outside nodes indirectly from agent 1 decreases as agents pay less attention to their peers. Agent 1 is most influential
when only considering peer effects, but it influences peripheral agents through agents 2 and 3. As « increases, these middlemen become more important.

Example 2 highlights the tension between direct and indirect targeting. In the case of the tree, there is a bottleneck effect where the root node transmits
its beliefs slowly through other agents. Thus, changes in a will have a greater effect on the centrality measure of the root. As a increases, it makes
targeting peripheral agents more beneficial.
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